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ABSTRACT
Although the Shakura-Sunyaev α viscosity prescription has been highly successful
in characterizing myriad astrophysical environments, it has proven to be partly in-
adequate in modelling turbulent stresses driven by the MRI. Hence, we adopt the
approach employed by Ogilvie (2003), but in the context of Hall magnetohydrody-
namics (MHD), to study MRI turbulence. We utilize the exact evolution equations
for the stresses, and the non-linear terms are closed through the invocation of dimen-
sional analysis and physical considerations. We demonstrate that the inclusion of the
Hall term leads to non-trivial results, including the modification of the Reynolds and
Maxwell stresses, as well as the (asymptotic) non-equipartition between the kinetic
and magnetic energies; the latter issue is also addressed via the analysis of non-linear
waves. The asymptotic ratio of the kinetic and magnetic energies is shown to be inde-
pendent of the choice of initial conditions, but it is governed by the Hall parameter. We
contrast our model with the Kazantsev prescription from small-scale dynamo theory,
and the Hall term does not contribute in the latter approach, illustrating the limita-
tions of the Kazantsev formalism. We indicate potential astrophysical applications of
our model, including the solar wind where a lack of equipartition has been observed.
Key words: (magnetohydrodynamics) MHD – methods: analytical – plasmas – mag-
netic fields – turbulence – instabilities
1 INTRODUCTION
The magnetorotational instability (MRI) has proven to
be a strikingly reliable and ubiquitous means of under-
standing the properties of a plethora of astrophysical
systems. The MRI was first studied in the 1950s and
1960s (Velikhov 1959; Chandrasekhar 1960), but its true
potential in astrophysics was first realized by Balbus and
Hawley in their pioneering work (Balbus & Hawley 1991).
The greatest success of the MRI has, arguably, been in
the realm of modelling momentum transport in accretion
discs (Hawley et al. 1995; Stone et al. 1996; Gammie 1996;
Armitage 1998; Balbus & Hawley 1998; Fleming et al. 2000;
Frank et al. 2002; Balbus 2003; Sano et al. 2004; Bai 2011;
Bai & Stone 2013). The MRI has subsequently been invoked
in a number of settings, far too numerous to mention in
detail, but we note that it has been successfully employed
in dynamo theory (Tout & Pringle 1992; Stone et al. 1996;
Vishniac & Brandenburg 1997; Hawley 2000; Kersale´ et al.
2004; Brandenburg & Subramanian 2005; Gressel 2010;
Ka¨pyla¨ & Korpi 2011; Squire & Bhattacharjee 2015),
launching of jets and winds (Moiseenko et al. 2006;
⋆ E-mail: mlingam@princeton.edu
† E-mail: abhattac@pppl.gov
Suzuki & Inutsuka 2009; Lesur et al. 2013), protoplan-
etary discs (Sano et al. 2000; Salmeron & Wardle 2005;
Kretke & Lin 2007; Turner et al. 2007; Kretke & Lin 2010;
Okuzumi & Hirose 2011; Bai & Stone 2013), core-collapse
supernovae and protoneutron stars (Akiyama et al. 2003;
Kotake et al. 2004; Shibata et al. 2006; Moiseenko et al.
2006; Mo¨sta et al. 2014), zonal flows (Johansen et al. 2009;
Flock et al. 2011; Bai & Stone 2014), etc. Experimental
studies of the MRI are also widely prevalent in the sci-
entific literature, see e.g. Ji et al. (2001); Goodman & Ji
(2002); Sisan et al. (2004); Stefani et al. (2006, 2007);
Schartman et al. (2009); Seilmayer et al. (2014).
Given the success and versatility of the MRI, an
immediate question that arises is the issue of trans-
port coefficients, viz. the means of quantifying the en-
hanced momentum transport enabled by this instability.
We note that the properties of these coefficients, as well
as the operational limits, convergence, saturation and as-
pect ratio dependence (in the shearing box scenario) of
the MRI-driven turbulence, remains an active and un-
resolved area of research (Fromang & Papaloizou 2007;
Fromang et al. 2007; Lesur & Longaretti 2007; Bodo et al.
2008; Blackman et al. 2008; Pessah & Goodman 2009;
Latter et al. 2009; Fromang & Stone 2009; Davis et al.
2010; Longaretti & Lesur 2010; Shi et al. 2010; Bai & Stone
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2013; Meheut et al. 2015; Shi et al. 2016). The extent of
MRI turbulence (the enhanced momentum transport) is cap-
tured by the use of the seminal α viscosity prescription, first
proposed by Shakura and Sunyaev in Shakura & Sunyaev
(1973). The α viscosity prescription had already been stud-
ied widely in the context of accretion discs before the advent
of MRI (Novikov & Thorne 1973; Shakura & Sunyaev 1976;
Paczynski 1978; Pringle 1981; Lin & Pringle 1987), and has
been subsequently utilized for the same purposes, but with
the incorporation of MRI-related physics (Tout & Pringle
1992; Balbus & Papaloizou 1999; Frank et al. 2002; Balbus
2003; King et al. 2007). Given the widespread usage of the α
viscosity in characterizing MRI turbulence, a natural ques-
tion that emerges is: how accurate is the former in fully
encapsulating all the traits of the latter?
It was argued in Ogilvie (2003) that the α viscosity does
not faithfully reproduce the complexities of the MRI turbu-
lent stresses. By working in the domain of the shearing box,
Ogilvie (2003) proposed a partly heuristic model that cap-
tured effects such as the linear interactions of the stresses
(Maxwell and Reynolds) with an underlying mean flow. Al-
ternative models for the MRI turbulent stresses include the
formulations of Pessah et al. (2006) and Kato & Yoshizawa
(1993, 1995); the latter employed the Two Scale Direct Inter-
action Approximation (Yoshizawa et al. 2001). Pessah et al.
(2007) showed that the large values of α measured from ob-
servations could be reproduced by numerical simulations of
turbulent stresses only when specific conditions were ful-
filled. Moreover, further work undertaken by Pessah et al.
(2008); Hubbard & Blackman (2008); Blackman & Nauman
(2015) demonstrated that the standard shear viscosity
paradigm was untenable, and emphasized the need for more
sophisticated models of MRI turbulent stresses, such as the
ones developed by Ogilvie (2003) and Pessah et al. (2006).
The recent study by Ross et al. (2016) has also pointed out
the inherent ambiguities in the stress-pressure scaling that
stem from the dual issues of numerical convergence and non-
zero magnetic flux. In this paper, we shall attempt to extend
the work of Ogilvie (2003) to include a non-ideal magneto-
hydrodynamics (MHD) effect, by employing Hall MHD as
our base model. In order to validate our decision, the effec-
tiveness of the original model (Ogilvie 2003) must be estab-
lished, and to make a convincing case for Hall MHD – these
factors are tackled below.
After the model for MRI turbulent stresses was
proposed by Ogilvie (2003), it was subsequently em-
ployed quite successfully to study turbulent shear flows
in Garaud & Ogilvie (2005), and stellar convection in
Miller & Garaud (2007); Garaud et al. (2010). Moreover,
the Ogilvie (2003) model has also exhibited a reasonable
degree of accuracy when compared against numerical sim-
ulations, as shown by the likes of Liljestro¨m et al. (2009);
Snellman et al. (2012b); see also Ka¨pyla¨ & Brandenburg
(2008); Snellman et al. (2009, 2012a) for associated discus-
sions of the Ogilvie (2003) model. However, it is also im-
portant to emphasize that models based on Ogilvie (2003),
such as Garaud et al. (2010), are quite simple, and cannot
reproduce all the features observed in direct numerical sim-
ulations, as pointed out in Snellman et al. (2015).
Now, let us consider the importance of Hall
MHD in astrophysics. Hall MHD has been widely
evoked in a diverse array of astrophysical contexts
such as dynamos (Mininni et al. 2002, 2003a), jets (Bai
2014; Lingam & Mahajan 2015; Bai 2015), protoplan-
etary discs (Wardle 2007; Armitage 2011), neutron
stars (Goldreich & Reisenegger 1992; Cumming et al. 2004;
Gourgouliatos & Cumming 2014), star formation (Wardle
2004; Li et al. 2011; Krasnopolsky et al. 2011), and the
turbulent properties of the solar wind (Ghosh et al.
1996; Krishan & Mahajan 2004; Galtier & Buchlin 2007;
Alexandrova et al. 2008). When it comes to the MRI,
Hall MHD has been extensively investigated through a
combination of analytic and numerical studies (Wardle
1999; Balbus & Terquem 2001; Sano & Stone 2002a,b;
Ebrahimi et al. 2011; Bai 2011; Wardle & Salmeron 2012;
Kunz & Lesur 2013; Lesur et al. 2014; Bai 2014, 2015;
Simon et al. 2015).
The pioneering work of Sano & Stone (2002b) showed
that the Hall parameter (ratio of the ion skin depth to
the scale length) could either suppress or enhance the MRI
turbulence, depending on the sign of the initial magnetic
field. We find that our model is capable of supporting en-
hanced values of the saturated Maxwell stress for a positive
Hall parameter, in agreement with the results obtained in
Sano & Stone (2002b). Our work is broadly consistent with
the notion that the Hall effect can play a key role in regen-
erating “dead zones” in protoplanetary discs, as shown by
the works of Bai and collaborators (Bai 2011, 2014, 2015),
and several other groups (Sano & Stone 2002b; Wardle 2007;
Armitage 2011; Wardle & Salmeron 2012; Lesur et al. 2014;
Be´thune et al. 2016). Another noteworthy result is that our
system evolves towards a non-equipartition state. Moreover,
we show that different choices of initial conditions for the
kinetic and magnetic energies lead to the same asymptotic
state, for a fixed Hall parameter. On the other hand, if the
initial conditions are held fixed and the Hall parameter is
varied, the final state is correspondingly altered. Thus, we
demonstrate that the asymptotic state is sensitive to the
values of the Hall parameter.
Having outlined the rationale for studying the dynamics
of Hall MRI turbulent stresses, we shall outline the contents
of this paper. We present a preliminary description of Hall
MHD and derive the governing equations for the turbulent
stresses in Section 2. This is followed by the presentation,
and justification, of the closure model in Section 3. The ram-
ifications of this model are explored in Section 4. Finally, we
conclude in Section 5. A discussion of the Kazantsev small
scale dynamo for Hall and extended MHD is presented in
Appendix A. We analyse the non-linear Alfve´n wave solu-
tions of Hall MHD, and their consequences for equipartition,
in Appendix B.
2 HALL MHD: THE MATHEMATICAL
PRELIMINARIES
In this section, we provide a brief discussion of Hall MHD,
and proceed to derive the small and large scale equations
for Hall MHD.
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2.1 Basics of Hall MHD
The equations of incompressible Hall MHD, when expressed
in Alfve´nic units, in a rotating frame are
[
∂
∂t
+ v · ∇
]
v + 2Ω × v = (∇× b)× b+ ν∆v (1)
−∇
(
p
ρ
+ Φ− |Ω× r|2
)
,
[
∂
∂t
+ v · ∇
]
b = (b · ∇)v − di∇× [(∇× b)× b] + η∆b,
(2)
where b = B/
√
µ0ρ is the Alfve´n velocity, di is the ion skin
depth (in SI units), and ∆ represents the Laplacian opera-
tor. Firstly, we observe that the momentum equation (1) is
identical to that of ideal MHD. Secondly, in the limit di → 0,
we see that (2) reduces to the ideal MHD Ohm’s law. The
limit di → 0 is not entirely appropriate as we take the van-
ishing limit of a dimensional quantity; it is more appropriate
to take the limit λH := di/L→ 0, where λH is the Hall pa-
rameter that measures the ratio of the ion skin depth to the
scale length of the system (L). In subsequent discussions, we
shall assume that this limit is taken implicitly, although we
use the notation di → 0. However, a cautionary word is nec-
essary, since Hall MHD is a singular perturbation of ideal
MHD (Yoshida & Mahajan 1999), and a naive application
of this limit may sometimes lead to misleading results.
Before proceeding further, a comment regarding di is
in order. For a fully ionized plasma, it is known that di =
2.27× 107n−1/2 cm. From this expression, it is evident that
di is typically “small” in astrophysical systems, even when it
is compared against the inertial range of the turbulence, as
the latter serves as the domain of the small-scale dynamo.
However, there are two potential pathways by which the Hall
parameter (or its equivalent) can be rendered larger:
• Many astrophysical plasmas, such as protoplanetary
discs, are not fully ionized. The presence of neutrals alters
the dynamics considerably. The incorporation of neutrals
leads to a model with the same structure as Hall MHD but
the ion skin depth di is replaced by di
√
ρn/ρi, where ρn
and ρi are the mass densities of the neutrals and ions re-
spectively (Kunz & Lesur 2013). Since
√
ρn/ρi ≫ 1 in pro-
toplanetary discs, one can obtain a modified (ion) skin depth
of approximately 0.1 AU (Wardle 2007; Kunz & Lesur 2013;
Lesur et al. 2014), which is much larger than its fully ionized
counterpart.
• For a three species plasma consisting of electrons, ions
and singly charged dust particles, the structure is again iden-
tical to Hall MHD. However, it has been shown that the ion
skin depth is replaced by its dusty counterpart λd = c/ωpd,
which is typically much larger. As a result, this can once
again lead to a higher value of the (dust) Hall parameter
(Mahajan & Lingam 2015).
Thus, we can conclude that the presence of non-ideal MHD
effects such as neutrals and/or dust is likely to give rise to
a higher (effective) Hall parameter. As a result, our analysis
is likely to be of interest in systems where such effects play
an important role.
2.2 The Hall MHD small and large scale
equations
In our subsequent discussion, we shall use v = V0 + vˆ and
b = B0 + bˆ where the upper case characters and the sub-
script ‘0’ denote the mean fields, whilst the overhat denotes
the fluctuating contributions. The mean-field equations are
(∂t + V0j∂j)V0i + 2ǫijkΩjV0k
= −∂iΠ0 +B0j∂jB0i + ν∆V0i + ∂j (〈Mij −Rij〉) ,(3)
(∂t + V0j∂j)B0i = B0j∂jV0i + η∆B0i + ∂j〈Fij〉
−diB0j∂jJ0i + diJ0j∂jB0i, (4)
where we introduce the definitions
Π =
p
ρ
+
b2
2
+ Φ− |Ω× r|2,
J = ∇× b,
u
(e) = v − diJ , (5)
and we also note that ∂jV0j = 0 = ∂jB0j . For (3) and (4)
to be closed, we require knowledge of the evolution of
Mij = bˆibˆj , (6)
Rij = vˆivˆj , (7)
Fij = uˆ(e)i bˆj − uˆ(e)j bˆi, (8)
representing the Maxwell, Reynolds and modified Faraday
stresses respectively. In the limit di → 0, we see that Fij
reduces to the usual Faraday stress tensor
Fij = uˆibˆj − uˆj bˆi. (9)
In our subsequent discussion, we shall assume that B0 =
0 = 〈Fij〉, thereby eliminating (4) altogether. As a result,
we only require the evolution equations for (6) and (7) re-
spectively. This constraint is tantamount to assuming that
there is no mean magnetic field, and the large-scale dynamo
is entirely absent; its presence would lead to the existence of
finite contributions to the electromotive force. It is evident,
of course, that such a prescription is likely to be unphysi-
cal, given the concomitant existence of large scale fields and
turbulent stresses, but our approach is motivated by the ear-
lier strategies adopted by Kato & Yoshizawa (1993, 1995);
Ogilvie (2003); Pessah et al. (2006, 2008).
With these simplifications, the induction equation for
the fluctuating component of the magnetic field is
(∂t + V0k∂k) bˆi = bˆk∂kV0i + ∂kFik + η∆bˆi, (10)
and we can use this to obtain the governing equation for the
Maxwell stress as follows:
(∂t + V0k∂k) 〈Mij〉 − 〈Mik〉∂kV0j − 〈Mjk〉∂kV0i
= 〈bˆj∂kFik + bˆi∂kFjk〉+ η〈bˆj∆bˆi + bˆi∆bˆj〉. (11)
This can be re-expressed in terms of Fij , yielding
(∂t + V0k∂k) 〈Mij〉 − 〈Mik〉∂kV0j − 〈Mjk〉∂kV0i
= 〈bˆj∂kFik + bˆi∂kFjk〉+ η〈bˆj∆bˆi + bˆi∆bˆj〉
−di
〈
bˆj∂k
(
Jˆibˆk − Jˆk bˆi
)
+ bˆi∂k
(
Jˆj bˆk − Jˆk bˆj
)〉
,(12)
and it is evident that the last line vanishes upon di → 0, and
MNRAS 000, 1–12
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the ensuing expression coincides with the result obtained
in Ogilvie (2003). We see that the last line is comprised
of three-point correlation functions, each of which involves
terms that are cubic in bˆ and its derivatives. We shall return
to these terms shortly hereafter; for now, we proceed by
applying the same approach to the fluctuating component
of the equation of motion (1).
By carrying out the same procedure, we find that the
Reynolds stress evolves as per the equation:
(∂t + V0k∂k) 〈Rij〉+ 〈Rik〉∂kV0j + 〈Rjk〉∂kV0i
+2ǫjklΩk〈Ril〉+ 2ǫiklΩk〈Rjl〉
= ν〈vˆj∆vˆi + vˆi∆vˆj〉 − 〈vˆi∂jΠ̂ + vˆj∂iΠ̂〉
+〈vˆi∂k (Mjk −Rjk) + vˆj∂k (Mik −Rik)〉, (13)
and it is found that this is identical to the expression derived
in Ogilvie (2003). This is not particularly surprising as it’s
known that Hall MHD and ideal MHD possess the same
equation of motion, but differing induction equations.
From the next section onwards, we shall drop the sym-
bol 〈 〉, and it must be understood that all quantities (im-
plicitly) have been subject to an ensemble averaging.
3 CONSTRUCTING A CLOSURE MODEL
We will adopt the same principles described in Section 3.4
of Ogilvie (2003). The chief amongst them include Rij =
0 = Mij and Mij = 0 but Rij 6= 0 constituting valid solu-
tions (the latter is the hydrodynamic case); covariance of the
model equations; positive semidefinite nature of the stresses
being preserved. Moreover, it is also assumed that the non-
linear terms do not exhibit any dependence on ∇V or Ω,
and that the viscosity and resistivity effects are neglected.1
Lastly, it is dimensional considerations that impose key con-
straints on the form of the nonlinear terms, thereby leading
Ogilvie (2003) to his model.
Firstly, we consider the limit di → 0 and adopt the
above assumptions, which leads us to the same two expres-
sions that Ogilvie (2003) arrives at:
(∂t + Vk∂k)Rij +Rik∂kVj +Rjk∂kVi + 2ǫjklΩkRil
+2ǫiklΩkRjl = −C1
L
R1/2Rij − C2
L
R1/2
(
Rij − 1
3
Rδij
)
+
C3
L
M1/2Mij − C4
L
MR−1/2Rij , (14)
(∂t + Vk∂k)Mij −Mik∂kVj −Mjk∂kVi
=
C4
L
MR−1/2Rij − C3 + C5
L
M1/2Mij . (15)
In the above expressions, note that R = Tr (Rij) and
M = Tr (Mij), whilst L is the system scale length intro-
duced in Sec. 2.1, and the C’s are appropriate dimensionless
coefficients. Moreover, we have dropped the averaging 〈 〉 on
1 More precisely, Ogilvie (2003) assumed that the model ex-
hibits an “asymptotic independence of Re and Pm in the limit
Re → ∞.” We note that this approximation is one of the
model’s limitations, as it cannot account for the dependence of
the stresses on Re and Pm – a factor of paramount importance
in dynamo theory; see e.g. Brandenburg & Subramanian (2005);
Cattaneo & Hughes (2009) and references therein.
Rij and Mij , and also the subscript ‘0’ on the mean-field
velocity, to simplify the notation henceforth.
Now, we need to study how the Hall effect will affect
this closure scheme. Upon a careful inspection of (12), we
find that the only extra terms are those proportional to di.
Moreover, each of these involves three factors of bˆ, and two
spatial derivatives. Thus, our problem reduces to finding a
simple closure scheme for third order correlation functions
in terms of the second order ones. With this in mind, we pro-
pose that the new terms should be solely dependent on the
tensors Mij and δij , with factors of M
1/2 and M3/2 preced-
ing them respectively. This is motivated by the fact that the
Hall term in (2) does not feature any velocity-dependence.
Moreover, the three-point correlations involving di in (12)
involve only factors of bˆ and we have supposed that these
terms can be written solely in terms on two-point correla-
tions involving bˆ exclusively, viz. M and Mij .
By employing this assumption and simple scaling prin-
ciples, we modify (15) to incorporate these new terms. Our
revised evolution equation for Mij is given by
(∂t + Vk∂k)Mij −Mik∂kVj −Mjk∂kVi (16)
=
C4
L
MR−1/2Rij − C3 + C5
L
M1/2Mij
−λH
[
C6
L
M1/2Mij +
C7
L
M1/2
(
Mij − 1
3
Mδij
)]
,
where λH = di/L is the Hall parameter introduced earlier.
To understand the origin of the Hall parameter in the above
expression, consider the following heuristic argument.
The last two terms on the RHS of (12) encapsulate the
contributions from the Hall term. An inspection of these
terms reveals the exist of two spatial gradients, and through
dimensional considerations, these must be replaced by the
corresponding inverse length scale, which is assumed to be
1/L for our model. Since there are two such factors, one of
them combines with di and yields λH . The other is visibly
manifest as the 1/L factor appearing in the last two terms
on the RHS of (16). It must be noted that our model entails
the implicit assumption L & di. If one considers the case
L < di, especially the regime L≪ di, this corresponds to the
domain of magnetic reconnection (Biskamp 2000) with the
formation of current sheets, etc. Although turbulent mag-
netic reconnection is an important area of research, it is not
the object of study in this paper, and we shall restrict our-
selves to astrophysical systems that obey λH . 1.
Upon taking the limit λH → 0 in (16), we recover (15)
as mandated. Moreover, we note that this new model pre-
serves the principles outlined in Sec 3.4 of Ogilvie (2003) as
well. The most crucial inclusion of Hall MHD is that the
uniscale problem is now rendered a biscale one, thanks to
the presence of the ion skin depth. In order to further jus-
tify the two additional terms, we provide a brief physical
interpretation of each of them.
An examination of the terms involving C3 (as well as
C5) and C6 reveals that they have the same form. In the
model of Ogilvie (2003), C3 quantified the effects of the
Lorentz force in the equation of motion (1) which drives
the turbulence. On the other hand, we find that a term akin
to the Lorentz force is also existent in the Ohm’s law, as
seen from the second term on the RHS of (2) which also in-
volves the ion skin depth di. Thus, it is plausible to suppose
that an additional term, akin to the one featuring C3, but
MNRAS 000, 1–12 (2016)
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involving the skin depth, emerges. This additional term is
manifest as C6 in (16). Next, let us consider C7 in (16) which
clearly represents a drive towards (or away from) isotropiza-
tion. Since there is no a priori reason from observations or
simulations to suppose that Hall MHD supports enhanced
(or reduced) isotropization, we anticipate that C7 will typi-
cally end up being zero. In our subsequent analysis, we shall
mostly operate with this assumption (C7 = 0), but it is im-
portant to recognize that this issue can be settled decisively
only through future numerical simulations of Hall MRI tur-
bulent stresses.
We have specified an ansatz for the evolution of Mij
in (16), but we have not commented hitherto on how Rij
behaves. Given that (13) is identical to that of ideal MHD,
it is tempting to conclude that (14) holds true even for this
model. However, an important clue emerges from the energy
equation. Let us take the trace of (16) and (14), and sum
the two equations. The end result is
(∂t + Vk∂k)
(
R
2
+
M
2
)
= (Mij −Rij) ∂jVi − C1
2L
R3/2
−C5
2L
M3/2 − λH C6
2L
M3/2.(17)
A comparison with Ogilvie (2003) reveals that only the last
term on the RHS is different. However, a crucial aspect
of the Hall MHD must be stated here - it is well known
that the total energy of Hall MHD is identical to that of
ideal MHD in the limit of vanishing viscosity and resistivity
(Lingam et al. 2015). Thus, this would imply that the RHS
of (17) and equation (30) of Ogilvie (2003) must equal one
another, since the LHS of the two expressions constitute the
same energy. In turn, this implies that we cannot use (14)
directly. Instead, we must include the C6 term from (16),
albeit with an opposite sign. Thus, the evolution equation
for the Reynolds stress is given by
(∂t + Vk∂k)Rij +Rik∂kVj +Rjk∂kVi + 2ǫjklΩkRil
+2ǫiklΩkRjl = −C1
L
R1/2Rij − C2
L
R1/2
(
Rij − 1
3
Rδij
)
+
C3
L
M1/2Mij − C4
L
MR−1/2Rij
+λH
C6
L
M1/2Mij . (18)
However, we note that such a reasoning is partly
fallacious, since one can start with an energy-conserving
(non-dissipative) model and recover dissipative effects when
studying turbulence - a result of the non-linearity and the
averaging processes involved. For instance, when studying
dynamo theory, it is well known that the electromotive force
contributes a turbulent resistivity (by means of the β-effect),
which is a dissipative process (Brandenburg & Subramanian
2005). Hence, we modify the C6 term in (16) to C
′
6 =
C6 + C8, where C8 > 0. This introduces an additional tur-
bulent contribution to the energy, i.e. we end up with (17)
except that the coefficient of C6 is replaced by C8 instead.
We conclude by noting that (16) with C′6 and (18) shall
serve as our (minimal) model equations for Hall MHD tur-
bulent stresses. We demand that C6 6= 0, but we allow for
the possibility that C7 = 0 = C8.
Before concluding this Section, let us summarize our
model and its governing equations, for the purpose of
clarity. For a fully self-consistent treatment of the MRI,
a model that co-evolves the large scale fields V0 and
B0 and the turbulent stresses Mij , Rij , and Fij is re-
quired. The need for a fully consistent model along
these lines has been emphasized in Blackman (2012);
Blackman & Nauman (2015) and a similar program was im-
plemented in Squire & Bhattacharjee (2015) recently. In this
paper, we have chosen to focus primarily on the stresses, and
we chose to artificially shut off the large scale magnetic field
(along with Fij) for the sake of simplicity. Thus, our re-
duced model is fully specified by (16) with C′6 and (18), in
conjunction with the mean field equation (3); in the latter,
it must be noted that B0 = 0 on account of dropping the
mean magnetic field from the system.
In the next Section, we shall further restrict ourselves
to the case where the (large scale) velocity V is externally
specified in (16) and (18), and is not consistently co-evolved
by means of (3). This situation is very similar, although not
equivalent, to kinematic dynamo theory, where the veloc-
ity field in the induction equation is prescribed externally.
Secondly, we shall study the case where the stresses are ho-
mogeneous, viz. we drop terms of the form ∂kMij and ∂kRij .
Each of these assumptions are not a fundamental limitation
of our model - one can revoke these assumptions, and study
the full equations noted above instead. We offer a further
comment on our approach in Appendix A3
The primary reasons for enforcing these two assump-
tions are twofold. Firstly, it enables a straightforward com-
parison with previous models of MRI stresses, albeit in the
context of ideal MHD. For instance, it is worth mentioning
that the central results of Kato & Yoshizawa (1993, 1995),
Ogilvie (2003) and Pessah et al. (2006) are presented in a
similar form, and this enabled Pessah et al. (2008) to un-
dertake a direct comparison of these models alongside the
α-viscosity prescription. The above two assumptions make
the comparison with these earlier models more transparent,
as our equations are now akin to these efforts. Secondly, as
this serves as our first foray into building a heuristic model
of the stresses, we wish to extract qualitative features of the
model. As we shall show subsequently, we do witness the
emergence of distinct differences between the Hall and ideal
MHD cases.
4 SPECIFIC CASES OF THE CLOSURE
SCHEME
Firstly, let us observe that takingMij → 0 ensures that (16)
vanishes identically and (18) reduces to the hydrodynamic
stress equation of Ogilvie (2003), thereby preserving one of
the postulates of that model. Secondly, let us consider the
case where Rij → 0 and ignore shear-effects, rotation, and
the spatial dependence of Mij . We end up with
∂tM = −
(
C5 + λHC8
L
)
M3/2, (19)
which yields M = 4L2 (C5 + λHC8)
−2 t−2 upon solving. If
λH → 0, we see that the MHD result follows, but it is in-
teresting to consider the effects of a finite λH - we find that
M is always smaller than its MHD value (with λH = 0) as
long as λHC8 and C5 are of the same sign. It suggests that
the Hall term leads to a reduction in the turbulent magnetic
MNRAS 000, 1–12 (2016)
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Figure 1. (colour figures online) The phase diagram of R vs M is presented for the three figures. Panels (a), (b) and (c) correspond to
λH = 0, λH = 0.1 and λH = 1 respectively.
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Figure 2. (colour figures online) Panels (a) and (b) depict the turbulent kinetic and magnetic energies, whilst Panel (c) determines the
ratio of the magnetic and the kinetic energies. In each of these panels, note that the black, red and blue curves correspond to λH = 0,
λH = 0.1 and λH = 1 respectively. In each of these panels, the initial conditions correspond to R = 0.6 and M = 0.4.
energy in contrast to the MHD case; moreover, the variation
of M with λH is also monotonic.
Next, let us consider the case with no rotation and
shear, and the stresses are taken to be spatially homoge-
neous. The turbulent energies are given by
∂tR =
−C1R3/2 + (C3 + λHC6)M3/2 − C4R1/2M
L
, (20)
∂tM =
C4R
1/2M − (C3 + λHC6 + C5 + λHC8)M3/2
L
,
(21)
and we observe that these equations are exactly identical
to those of Ogilvie (2003) provided that we introduce the
new variables C′3 = C3 + λHC6 and C
′
5 = C5 + λHC8.
As a result, if we choose all the C’s to be unity, we find
that the system is driven towards a final state wherein
M/R = (C4/C
′
3)
2
= (1 + λH)
−2. We find that a very in-
teresting mode of behaviour emerges – the asymptotic value
of the ratio M/R declines from unity for λH → 0 to at-
tain a minimum value of 1/4 at λH = 1. In other words, we
find that M/R < 1 for all values of λH > 0, and this ratio
declines monotonically as λH is increased.
In other words, we can conclude that the Hall effect re-
sults in a scenario wherein the turbulent magnetic energy is
lesser than its kinetic counterpart, for our choice of coeffi-
cients and with λH > 0. The lack of equipartition is con-
sistent with numerical studies of large-scale Hall MHD dy-
namos, see e.g. Mininni et al. (2003b). However, it must be
emphasized that the setup (and physics) for these dynamo
simulations was quite different from the analysis undertaken
herein. We also note that the solar wind has been shown to
exhibit non-equipartition values, although the opposite re-
sult, viz. M/R > 1, is typically observed (Wang et al. 2011;
Chen et al. 2013). In order to recover this result (M/R > 1),
one can tune the parameters of our phenomenological model
accordingly, as illustrated below through an example.
We reiterate the central assumption invoked in obtain-
ing our results, namely that all the coefficients were taken
to be unity. Suppose that we consider a case where C3 = C6
and (C4/C3)
2 = 2; the chosen values for these parameters
do not violate any of the constraints of our model. We end
up with M/R = 2 (1 + λH)
−2. Interestingly, we find that
M/R = 2 for λH = 0 and M/R = 1/2 for λH = 1. The
result indicates that the model can lead to both M/R < 1
and M/R > 1 for different values of the Hall parameter but
for the same ratio of C4/C3. In this example, the transition
occurs at λH = 0.414.
At this juncture, we also wish to point out another im-
portant fact. We have noted that M/R = (C4/C
′
3)
2
in Hall
MHD, whilst M/R = (C4/C3)
2 in ideal MHD. It is evident
MNRAS 000, 1–12 (2016)
MRI stresses in Hall MHD 7
that the two ratios will coincide if and only if C′3 = C3, viz.
when λH = 0. Thus, if the conditions C5 < 0 and C3, C
′
3 > 0
are satisfied, it is easy to verify that M/R will be higher in
the Hall MHD case. A recent study by Be´thune et al. (2016)
is striking in this regard, as it demonstrates, by means of
numerical simulations, that M/R is different for ideal and
Hall MHD, and that the latter exhibits an enhanced value
of M owing to the Hall effect. On account of the free pa-
rameters present in our model, we see that the simulations
of Be´thune et al. (2016) (in particular, their Fig. 5) are en-
tirely consistent with our conclusions. This result does not
constitute a ‘proof’ of the veracity of our model, but it does
lend it additional credence. In Appendix B, we have also
studied (nonlinear) Alfve´n waves, an important component
of understanding plasma turbulence, in Hall MHD. We ar-
gue therein that the lack of equipartition of the wave energy
is consistent with our results, and may indicate that this
phenomenon may be endowed with some degree of univer-
sality.
In Fig. 1, the phase diagram, i.e. the plot of R vs M
for different choices of initial conditions is shown. When we
consider panel (a) in Fig. 1, we find that there is a drive to-
wards equipartition for λH = 0, where all the C’s have been
chosen to be unity. Moreover, the system is driven towards
the fixed point R =M = 0. Both of these results correspond
to the ideal MHD case and agree with the findings of Ogilvie
(2003). On the other hand, panel (c) clearly illustrates that
there is a drive towards the steady state R = M = 0 but
the path taken to achieve this state does not correspond to
equipartition. We also find that holding the Hall parameter
fixed leads to the same asymptotic state for different choices
of the initial conditions. However, if we hold the initial con-
ditions and the coefficients (C3, C4 and C6) fixed, but the
Hall parameter is varied, the asymptotic state reached by
the system is duly affected. Our findings indicate that the
asymptotic state of the system is regulated by the Hall pa-
rameter (and the coefficients inherent in the model), but not
the initial conditions.
From Fig. 2, we find that the kinetic energy increases
slightly when we increase the value of λH . On the other
hand, the magnetic energy clearly decreases when we in-
crease λH . From panel (c) of Fig. 2, we see that the ratio
of M/R starts off identically for each of the three cases, but
evolves to a very different final value; for λH = 0, it corre-
sponds to equipartition whilst λH = 1 yields M/R = 0.25,
in agreement with the preceding discussion. We also note
an important result that is evident from panel (c) - for the
same initial value of M/R, the asymptotic value of M/R
reached by the system can be either greater or smaller than
this initial value, and the increase/decrease is regulated by
the value of λH . Lastly, note that our model is ‘symmetric’
about λH = 1 and hence we note that λH = 0 and λH =∞
are equivalent, as are λH = 0.1 and λH = 10.
Hitherto, we have ignored both the rotation and shear
for the sake of simplicity. This amounted to setting Vk = 0 =
Ωk in (16) and (18). Yet, it is widely known that the MRI is a
fundamentally anisotropic, and shear-driven, phenomenon.
Thus, a full investigation of this model would require the
inclusion of the shear (and also the rotation). When we set
C7 = 0 and study the case with finite shear and rotation, we
find that the resultant behaviour is akin to that of Fig. 5 in
Ogilvie (2003). In other words, we do find that the stresses
are rendered anisotropic, along the expected lines.
As the qualitative behaviour, with the Hall effects, is
(mostly) identical to that of the ideal MHD model, we have
not reproduced the figures here. To be more precise, we find
that the general shape and structure of the stresses is akin
to Fig. 5 of Ogilvie (2003), and the only difference is an
overall shift (upwards or downwards) that depends on the
signs of C5, C6 and C8. Thus, the presence of a finite λH
successfully enhances (or dampens) the saturated values of
the stresses, depending on the exact magnitudes of the cho-
sen coefficients. Broadly speaking, we find that the results
first outlined in Sano & Stone (2002b), and verified later by
several authors, are recovered, such as a positive Hall pa-
rameter giving rise to enhanced saturated stresses.
5 DISCUSSION AND CONCLUSION
In the Introduction, we have offered compelling reasons as
to why the standard Shakura-Sunyaev α viscosity prescrip-
tion fails to capture the subtleties of the MRI turbulent
stresses. Moreover, we have also indicated the considerable
importance of the Hall drift in a plethora of astrophysical
settings. Motivated by these two facets, the aim of the paper
was to extend the work of Ogilvie (2003) on MRI turbulent
stresses (in ideal MHD) to Hall MHD.
After summarizing the basics of Hall MHD, we eluci-
dated the basic tenets of the Ogilvie (2003) model. Subse-
quently, we carried out the algebraic manipulations of the
Hall MHD equations, and implemented the closure scheme
proposed by Ogilvie (2003) in the context of ideal MHD.
However, the Hall MHD terms gave rise to additional con-
tributions, which are on the order of O (di/L). We modelled
these contributions by appealing to dimensional arguments,
the absence of any velocity field in the Hall term, and con-
sistency with ideal MHD and the Ogilvie (2003) model. It
resulted in three new contributions which affected the back-
reaction of the Lorentz force, dissipation and isotropization.
Of these, the latter was quantified by the coefficient C7,
which we believe can be set to zero. This stems from the fact
that simulations of Hall MHD have not reported any par-
ticular drive towards, or away, from isotropization. If such
results are discovered in the future, a suitable non-zero value
of C7 can be specified accordingly.
There were two chief results that emerged from our
Hall MRI model. The first was the lack of equipartition,
in general, between the magnetic and kinetic energies for a
non-zero value of the Hall parameter. In fact, we find that
the system approaches an asymptotic ratio of the energies
that varies with the Hall parameter. Our findings are sup-
ported by the recent simulations of Hall MRI turbulence
by Be´thune et al. (2016), who arrived at a similar result, as
they concluded that the Hall term does affect the ratio of
the turbulent magnetic and kinetic stresses (and energies).
In Appendix B, we have tackled this aspect from a different
standpoint by examining nonlinear Alfve´nic waves in Hall
MHD, which are known to exhibit a lack of equipartition.
Given the importance of Alfve´n waves in plasma turbulence,
we believe that the absence of equipartition may prove to
be a fairly robust characteristic of Hall MHD.
There are astrophysical systems, such as the solar wind,
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which have been shown to exhibit this lack of equiparti-
tion (Wang et al. 2011; Chen et al. 2013). Hence, our model
could, perhaps, be employed in such a context to model
the turbulent stresses and energies involved. Our surmise is
quite reasonable since Hall MHD has been successfully em-
ployed to model turbulence in the solar wind in the past
few decades (Ghosh et al. 1996; Galtier & Buchlin 2007;
Alexandrova et al. 2008; Bruno & Carbone 2013). We have
also shown that our model leads to an asymptotic ratio of
the energies that is independent of the choice of initial con-
ditions. On the other hand, it is sensitive to the model pa-
rameters C3, C4 and C6 and the Hall parameter. The latter
constitutes an important result since one can end up with
vastly different ratios of the magnetic to kinetic energy even
when all the other variables except for the Hall parameter
are held fixed.
The second important finding is that the MRI stresses
are rendered anisotropic when rotation and shear are taken
into account, in agreement with physical intuition and the
results presented in Ogilvie (2003). The MRI stresses are
also duly modified when the Hall-induced terms are in-
cluded. This has immediate consequences for protoplanetary
discs, where the Hall term has been proposed as a prime can-
didate in reviving “dead zones”. By including the effects of
rotation and shear in our model, we are led to conclude that
its findings are in basic agreement with the numerical simu-
lations carried out by Sano & Stone (2002b) as well as mul-
tiple groups in recent times (Bai 2011; Kunz & Lesur 2013;
Lesur et al. 2014; Bai 2014, 2015; Simon et al. 2015). The
coefficients of our model, when tuned appropriately, lead to
enhanced values of the saturated MRI stresses for a finite
Hall parameter (as opposed to the ideal MHD case).
Since there are three (or possibly two if C7 = 0) contri-
butions arising from the Hall term, we carried out a compar-
ison against the well-known kinematic Kazantsev prescrip-
tion, typically used in small-scale dynamos, in Appendix
A. Owing to the numerous assumptions employed in the
Kazantsev model, such as homogeneity, isotropy and Gaus-
sian statistics, we demonstrated that the Hall term does
not yield any finite contributions. We believe that this con-
stitutes a good example of the inherent limitations of the
Kazantsev prescription. However, we also showed that the
inclusion of electron inertia leads to non-trivial, albeit very
‘small’, contributions when using the Kazantsev approach.
Lastly, we have delineated the differences between our model
and that of Kazantsev (1968) to avoid potential ambiguities.
As our model is fairly simple, it may not capture all the
relevant physics unfolding in Hall MRI turbulence. Never-
theless, we have shown that it yields interesting results (the
potential absence of equipartition, enhanced stresses), and
that it is a better choice than the Kazantsev prescription
which yields a trivial result. The Hall MRI model developed
here can be ‘fitted’ by carrying out numerical simulations
and estimating the values of the free parameters (C1 to C8)
that characterize our model. If the ‘fit’ proves to be success-
ful, it is likely that our model could serve as an effective
formalism for studying a host of astrophysical environments
where MRI turbulence and the Hall term play a significant
role.
As we have primarily concerned ourselves with in-
vestigating MRI stresses in the context of the α viscos-
ity prescription, it was quite reasonable to ignore the
mean magnetic field. Yet, one expects the preponderance
of large-scale magnetic fields in many astrophysical objects
(Brandenburg & Subramanian 2005), suggesting that a fur-
ther treatment along these lines would be beneficial. In the
past decade, Mininni et al. (2003b, 2005) had already under-
taken simulations of Hall MHD large-scale dynamos. One of
the striking results therein was the lack of equipartition be-
tween the large scale energies, rather analogous to our model
where a similar result was obtained for the turbulent ener-
gies. For this reason, we hope to generalize our model in the
future to analytically predict, and explain, the conclusions
of Mininni et al. (2003b, 2005).
Although the aforementioned studies of mean-field Hall
MHD dynamos do exist, they were not explicitly con-
cerned with modelling the Hall MRI dynamo. On this front,
quite recently, Kunz & Lesur (2013); Be´thune et al. (2016)
demonstrated, by means of numerical simulations, that the
Hall effect reduced turbulent transport and gave rise to
“zonal” structures. A subsequent study of stratified Hall
MRI turbulence by Lesur et al. (2014) could generate a
large-scale Maxwell stress, provided that the correct polar-
ity, viz. Ω ·B > 0, is prevalent; a similar set of results was
also presented in Simon et al. (2015). It is interesting to
note that the “zonal” structures of Kunz & Lesur (2013);
Be´thune et al. (2016) were not observed in Lesur et al.
(2014), possibly because the latter employed a stratified
model.
It will be our goal in future investigations to construct
a mean-field theory that accounts for the evolution of the
stresses and the large-scale fields by extending the formal-
ism outlined in this paper. Namely, we hope to couple the
exact evolution equations to an appropriate closure scheme
dictated by dimensional and physical considerations, analo-
gous to the approach utilized here. We note that some semi-
analytical models have already appeared in the literature
(Kunz & Lesur 2013), but it is our intention to design such
models from scratch by means of the above procedure. A
successful model could pave the way to understanding the
exact role of the Hall term in the MRI dynamo. Furthermore,
we anticipate that the model may play an important role in
modelling neutron stars, protoplanetary discs, solar wind,
and solar physics in general (Miesch 2005; Hughes et al.
2012), as the Hall term is crucial in shaping the dynamics
of these systems.
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APPENDIX A: A KAZANTSEV EXTENDED
MHD DYNAMO
In our design of the Hall MHD turbulent stresses, we have
introduced two new coefficients C6 and C8, with the possibil-
ity of an extra isotropization term C7. However, a simplified
treatment leads to the total absence of these extra terms in
the Maxwell stress evolution equation (16). To show this, we
adopt a kinematic approach where the momentum/velocity
equation is neglected and follow the Kazantsev prescription
(Kazantsev 1968; Brandenburg & Subramanian 2005).
We shall include electron inertia subsequently and
demonstrate that the Kazantsev approach will introduce
non-trivial contributions.
A1 Kazanstev approach to Hall MHD
Let us begin by rewriting Ohm’s law (2) as follows:
∂b
∂t
= ∇× [v × b− di (∇× b)× b] , (A1)
where we have ignored the effects of dissipation (as done in
the paper eventually), although its inclusion does not alter
our result since the resistive term is linear in b and has no
v dependence. We shall only run through the salient steps,
as a more detailed derivation can be found in Kazantsev
(1968). The velocity field is taken to be delta correlated in
time
〈vi (x, t) vj
(
x+ r, t′
)〉 = vij(r)δ(t− t′), (A2)
where the second order tensor vij is given by
vij = 2V (r)δij + U(r)
(
δij − rirj
r2
)
, (A3)
and the assumption of incompressibility dictates that U =
r∂V/∂r. In the Fourier space, we find that
〈vi (k, t) vj
(
k
′, t′
)〉 = V¯ (k)δ(t− t′)(δij − kikj
k2
)
δ(k+ k′),
(A4)
where V¯ (r) = 3V (r) + U(r), and V¯ (k) is its Fourier trans-
form. The magnetic field can be taken to be a stochastic
process and decomposed into its mean and fluctuating com-
ponents. Since it is also divergence-free, and is assumed to
possess similar statistics, most of the preceding equations
are equally valid.
However, for the model considered herein, there is no
mean field component, i.e. we have deliberately shut it off.
Thus, the fluctuating part of the field can be represented
by the total field b as the mean field component is absent.
In this scenario, the governing equation for the fluctuating
part is the same as that of (A1) except for two extra terms
given by
∂b
∂t
= ∇× [v × b− di (∇× b)× b]
−∇× 〈v × b− di (∇× b)× b〉 (A5)
However, the extra terms (on the second line of the RHS)
in (A5) do not matter when computing 〈bibj〉 as a result of
the identity 〈〈(...)〉bj〉 = 〈(...)〉〈bj〉 = 0. Thus, we are free
to drop these extra terms, which effectively transforms (A5)
into (A1). The first term on the RHS of the latter expression
is just the ideal MHD induction equation. There are several
ways to treat this term, of which the use of the Furutsu-
Novikov formula (Furutsu 1963; Novikov 1965) constitutes
a particularly elegant approach.
Now, consider the second term on the RHS of (A1),
which corresponds to the Hall term. Most standard treat-
ments that rely upon the Kazantsev prescription assume
that the fluctuating components obey Gaussian statis-
tics (Kazantsev 1968; Brandenburg & Subramanian 2005;
Istomin & Kiselev 2013). We see that the Hall term involves
two factors of b; there also exist some gradients, or factors
of k when operating in the Fourier space. Thus, when we
compute 〈bibj〉 the Hall term involves three factors of b. The
Isserlis theorem (Isserlis 1916, 1918) in mathematical statis-
tics dictates that all such terms, with an odd number of
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Gaussian variables, vanish upon averaging.2 Consequently,
this implies that the Hall term does not play any further
role in the derivation of the evolution equation for 〈bibj〉.
Consequently, one obtains the ideal MHD Kazantsev result
at the end, and the Hall term is rendered trivial.
At this stage, it may appear as though much of the al-
gebra present in the paper might be rendered redundant as
per the above reasoning. However, we emphasize that the as-
sumptions of perfect homogeneity, isotropy, Gaussian statis-
tics, etc. are highly idealized approximations, and are very
likely to be invalid for realistic physical systems. Secondly,
we note that the Kazantsev treatment is entirely kinematic,
whereas a fully self-consistent model must take into account
the coupled dynamical equations (1) and (2). For these rea-
sons, the Hall term is likely to play a non-trivial role, thereby
meriting the analysis undertaken in this paper. Lastly, we
observe that the existence of a finite mean field (not treated
here) also modifies the Kazantsev treatment and introduces
non-zero Hall corrections.
A2 A brief comment on Extended MHD
Hall MHD and ideal MHD rely on the assumption that the
electrons are effectively massless. When the finite electron
mass is included, the Ohm’s law is rendered much more com-
plicated. The correct expression for the extended Ohm’s Law
is known to be
∂b⋆
∂t
= ∇× [v × b⋆ − di (∇× b)× b⋆]
+d2e∇× [(∇× b)× (∇× v)] , (A6)
where incompressibility has been assumed and the expres-
sion is normalized in Alfve´n units (Lingam et al. 2015).
Here, de = c/ωpe is the electron skin depth and b
⋆ =
b+ d2e∇× (∇× b). Note that me → 0 implies that de → 0
and b⋆ → b. It is apparent that b⋆ is a linear function of
b, and we can indeed use the shorthand notation b⋆ = Lb,
where L = 1− d2e∆ with ∆ denoting the Laplacian.
Let us suppose that we carry out the same steps out-
lined in Appendix A1. Owing to the absence of the mean-
field terms, we obtain (A6) for the fluctuating part of b⋆
with some additional terms that vanish upon employing the
relation 〈〈(...)〉bj〉 = 〈(...)〉〈bj〉 = 0; note that this identity
was also invoked earlier. At this stage, a clarification regard-
ing b⋆ is necessary. We work in Fourier space as this was the
approach in Kazantsev’s original paper, which we have also
adopted. In this instance, note that the relation between
b⋆ and b is considerably simpler since b⋆k =
(
1− d2ek2
)
bk,
where k denotes the Fourier component. With the assump-
tion of Gaussian statistics, and the linear relationship be-
tween b⋆ and b, we can multiply (A6) with b to compute
M⋆ij := 〈bjLbi + biLbj〉. We shall not go into the mathemati-
cal subtleties here, but the existence of a well-defined inverse
for L would, in principle, enable us to use M⋆ij to compute
〈bibj〉, which is the desired object of interest.
The second term on the RHS of (A6) does not con-
tribute since there are three factors of b that arise in the
2 The Isserlis theorem is well-known in quantum field theory,
under the guise of Wick’s theorem (Peskin & Schroeder 1995;
Weinberg 1995).
Fourier representation, and the Isserlis theorem states that
such terms vanish. This is exactly analogous to the discus-
sion earlier, where the Hall term did not contribute to the
Kazantsev prescription. The first term on the RHS of (A6)
does contribute since there will be two factors of b, and this
term is akin to the ideal MHD term in the Kazantsev treat-
ment. The last term on the RHS of (A6) is the most inter-
esting, since it will also pick up two factors of b and thereby
does not vanish upon averaging. Hence, in the case of ex-
tended MHD, we find that the Kazantsev treatment does
lead to non-trivial corrections. Moreover, we find that these
corrections are O (λ2e), with λe = de/L, suggesting that the
additional terms are very small for most of the conventional
astrophysical systems.
In this Appendix, we have thus shown that the assump-
tion of a zero mean-field as well as the other standard as-
sumptions of the Kazantsev dynamo lead to the absence
of any contributions from the Hall term. However, the in-
clusion of electron inertia by means of extended MHD has
been shown to yield additional terms that are likely to be
very small, but finite.
A3 Comparison between the two approaches
We shall briefly delineate the key differences between the
approach adopted in the main body of the paper, and the
Kazantsev prescription discussed in the Appendix. In par-
ticular, we shall restrict ourselves to the limitations of the
latter, and indicate how these do not occur in the former.
The first aspect of the Kazantsev model is that it is al-
together kinematic. In other words, the velocity field is fixed
(with certain statistical properties) and the backreactions of
the Lorentz force are not accounted for. On the other hand,
our model takes into account the dynamical equations for
the velocity and the magnetic field. Secondly, the Kazant-
sev model assumes that the velocity and magnetic fields
obey the properties of statistical homogeneity, isotropy and
Gaussianity. The latter of the trio is, in fact, responsible for
eliminating the Hall effects altogether as shown in Appendix
A1. The Kazantsev model may prove to be fairly accurate on
small scales, as it’s been demonstrated in the recent simula-
tions by Nauman & Blackman (2014) that MRI turbulence
is isotropic (anisotropic) on smaller (larger) scales.
A careful study of Sec. 3 reveals that our model has its
own assumptions, but we do not invoke the above properties
at any point in our derivation. In Sec. 4, we do suppose that
the stresses are homogeneous, but this is not a fundamen-
tal assumption, and was primarily called upon to simplify
the model, and compare it with the previous results in the
literature such as Kato & Yoshizawa (1995); Ogilvie (2003);
Pessah et al. (2006, 2008).
APPENDIX B: ALFVE´N WAVES IN HALL MHD
AND IMPLICATIONS FOR TURBULENCE
It has been known since the 1940s (Wale´n 1944) that the
non-linear Alfve´n wave is an exact solution of ideal MHD.
It takes on the form v = ±b, implying that the amplitudes
of the velocity and magnetic field fluctuations are equal,
whilst they are parallel or anti-parallel to each other. In
the subsequent decades since their discovery, Alfve´n waves
MNRAS 000, 1–12 (2016)
12 M. Lingam and A. Bhattacharjee
have played a key role in understanding MHD turbulence
(Biskamp 2003) and especially in the realm of wave tur-
bulence (Galtier 2009). In particular, ‘collisions’ between
Alfve´n wave packets are responsible for setting up the turbu-
lent cascade via their (nonlinear) interactions; for this rea-
son, they have been referred to as the “fundamental building
block of plasma turbulence” (Howes & Nielson 2013).
An immediate consequence of studying nonlinear Alfve´n
waves in ideal MHD is that the waves exhibit an equiparti-
tion of energy, as they obey the relation v2 = b2. If we envi-
sion turbulence as solely mediated by these waves, which
possess equipartition of energy, it is ‘natural’ to discuss
equipartition in ideal MHD turbulence. Of course, this ar-
gument is primarily heuristic, and we defer the reader to
rigorous studies of MHD turbulence (Biskamp 2003) for fur-
ther details. There are two questions that can now be posed
in the context of Hall MHD: (i) Can one derive non-linear
Alfve´n waves in Hall MHD? (ii) If such waves do exist, do
they exhibit equipartition?
The answer to (i) is yes, and the relevant solutions were
constructed in Mahajan & Krishan (2005) and further stud-
ied by Abdelhamid & Yoshida (2016). Thus, one may expect
the nonlinear Alfve´n waves of Hall MHD to play an analo-
gous role to their ideal MHD counterparts, which leads us to
the second question. Quite interestingly, it turns out that (ii)
has a negative answer. It was shown in Mahajan & Krishan
(2005) that
b = α±v, (B1)
where α± is given by
α± = −k
2
±
√
k2
4
+ 1, (B2)
where the Hall parameter was set to unity for the sake of
simplicity; for a non-unitary value, a similar expression can
be easily recovered. From (B1) and (B2), two immediate
differences with respect to the ideal MHD case stand out.
The first, of course, is the absence of equipartition for ar-
bitrary values of k, since v2 6= b2. Secondly, one finds that
the ratio of the wave energies is a function of the wave-
length, in sharp contrast with the ideal MHD case. In other
words, the ‘Alfvenization’ seen in ideal MHD is replaced
by a different phenomenon, sometimes termed as ‘whistler-
ization’, in Hall MHD. We reiterate that the latter effect
leads intrinsically to a lack of equipartition, and the wave
turbulence is mediated by whistler waves (which gave rise
to this moniker). A detailed discussion of these aspects can
be found in Dastgeer et al. (2000); Galtier & Bhattacharjee
(2003); Mahajan & Krishan (2005); Galtier (2006).
As a result, one is led to conclude that the lack of
equipartition is manifest in nonlinear Hall Alfve´n waves.
We have observed the same feature in our model, in this
qualitative wave ‘turbulence’ picture, and also in large scale
fields, as shown by numerical studies (Mininni et al. 2003b,
2005). Furthermore, there is experimental evidence of this
phenomenon in the solar wind, where Hall MHD has been
employed as the base model, and in the recent Hall MRI
simulations by Be´thune et al. (2016). Thus, we may argue
that this trait appears to be fairly universal, insofar as Hall
MHD is concerned. Nevertheless, we also wish to add a cau-
tionary word that this statement is, at the present moment,
only a surmise.
We shall round off this Appendix by observing that
this ‘Alfve´nization’ of turbulence also appears in dynamos.
The standard α-effect for ideal MHD was first calculated
in Pouquet et al. (1976) and it was shown that it has the
form 〈v · (∇× v)− b · (∇× b)〉. It is easy to verify that the
Alfve´nic state v = ±b leads to the vanishing of the α-effect.
On the other hand, we expect to show, in a forthcoming
publication, that this situation is radically altered when the
Hall term is introduced. We intend to demonstrate that the
Alfve´nic state does not suppress the α-effect in Hall dy-
namos.
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